Abstract. We extend the concept of expansive measure [2] defined for homeomorphism to flows. We obtain some properties for such measures including abscense of singularities in the support, aperiodicity, expansivity with respect to time-T maps, invariance under flow-equivalence, negligibleness of orbits, characterization of expansive measures for expansive flows and naturallity under suspensions. As an application we obtain a new proof of the well known fact that there are no continuous expansive flows on surfaces (e.g. [12] ).
Introduction
Expansive systems have been important object of study by many authors since its introduction by Utz in the middle of the nineteen century [27] . In 1972's Bowen and Walters [7] proposed an extension of expansivity to flow and proved that certain properties in the discrete case hold true in the flow's context too. A variant of this definition named unstable flows was considered soon after by Norton and O'Brien [23] . Lewowicz [15] and Ruggiero [26] considered slightly more general definitions whereas Komuro [14] introduced a kind of expansivity allowing non-isolated singularities (see also [3] ). On the other hand, an extension of such a concept to Borel measures was proposed by the second author on metric and uniform spaces, in collaboration with Arbieto [2] and Sirvent [21] respectively. More precisely, they defined expansive measures for discrete systems on such spaces and, in the metric case, they were able to use such measures to study ergodic systems with positive entropy.
In this paper we shall consider an extension of the notion of expansive measures to flows, much in the spirit of the pioneering work by Bowen and Walters [7] . Indeed, we define expansive measure for flows and prove that some of the properties obtained by the second author and Arbieto [2] , [17] can be extended to the flow's context. Such properties include abscense of singularities in the support of expansive measures, aperiodicity, expansivity with respect to time-T maps, invariance under flow-equivalence, negligibleness of orbits, characterization of expansive measures for expansive flows and naturallity under suspensions. As an application we obtain a probabilistic proof of the well known fact that there are no continuous expansive flows on surfaces (e.g. [12] ). Our concept also represents a generalization of the notion of pairwise sensitivity [8] defined for maps to flows.
Statement of the results
Hereafter X will denote a metric space. The closed and open ball operations will be denoted by B[x, δ] and B(x, δ) respectively, ∀(x, δ) ∈ X × R.
A flow of X is a map φ : R × X → X satisfying φ(t, φ(s, x)) = φ(t + s, x) for all s, t ∈ R and x ∈ X. Given I ⊂ R and A ⊂ X we set φ I (A) = t∈I φ t (A) and write φ I (x) instead of φ I ({x}). In particular, φ R (x) is called the orbit of x ∈ X under φ. Denote by B the set of continuous maps h : R → R with h(0) = 0.
In the sequel we state the classical definition of expansive flow due to Bowen and Walters [7] . Definition 2.1. We say that a flow φ on X is expansive if for every ǫ > 0 there is δ > 0 such that if x, y ∈ X satisfy d(φ t (x), φ h(t) (y)) ≤ δ for every t ∈ R and some h ∈ B, then y ∈ φ (−ǫ,ǫ) (x).
Notice that in this definition there exists an expansivity constant δ but depending on ǫ. Ruggiero [26] dismissed such an ǫ-dependence in order to introduce the following definition.
Definition 2.2. We say that a flow φ on X is Ruggiero expansive if there is δ > 0 such that if x, y ∈ X satisfy d(φ t (x), φ h(t) (y)) ≤ δ for every t ∈ R and some h ∈ B, then y ∈ φ R (x).
The original definition in [26] required h above to be surjective but this requirement is unnecessary for continuous flows on compact metric spaces. Taking ǫ = 1 in Definition 2.1 we get immediately that every expansive flow is Ruggiero expansive (the converse is known for certain examples like the geodesic flows on closed manifolds without conjugated points).
We can reformulate Definition 2.2 by saying φ is Ruggiero expansive if and only if there is δ > 0 such that
where
It is this reformulation which allows us to define expansive measures for flows. Recall that Borel measure is a non-negative σ-additive map µ defined in the Borel σ-algebra of X ( [6] ). For any subset B ⊂ X we write µ(B) = 0 if µ(A) = 0 for every Borel set A ⊂ B.
Definition 2.3. We say that a Borel measure µ of X is expansive for a flow φ on X if there is δ > 0 such that µ(Γ δ (x)) = 0, ∀x ∈ X. Such a δ is called expansivity constant of µ (with respect to φ). [21] ).
Our first result gives a necessary and sufficient condition for a Borel probability measure to be expansive. To state it we say that a flow φ on X is continuous if it does as a map from R × X into X, where X × R is equipped with the product metric. If x ∈ X satisfies φ t (x) = x for every t ∈ R, then we say that x is a singularity of φ. Theorem 2.1. Let φ be a continuous flow without singularities of a compact metric space X. Then, a Borel probability measure µ of X is expansive for φ if and only if there is α > 0 such that µ(Γ α (x)) = 0 for µ-a.e. x ∈ X.
To state our second result we will need more notations. Let φ be a flow of X. By a periodic point of φ we mean a point x ∈ X for which there is a minimal t > 0 satisfying φ t (x) = x. This minimal t is the so-called period denoted by t x . Denote by Sing(φ) and P er(φ) the set of singularities and periodic points of φ respectively.
The support of a Borel measure µ on X will be denoted by supp(µ). Given another metric space Y and a Borel measurable map f : X → Y we define the pullback measure
For flows φ we say that µ is invariant for φ if it does for the time-t map φ t , t ∈ R.
We say that a Borel measure µ vanishes along the orbits of a flow φ if µ(φ R (x)) = 0 for every x ∈ X (this is a non-trivial hypothesis, see [5] ). It is clear that all such measures are non-atomic (i.e. takes the value zero at single-point sets) but not conversely. We also say that φ is aperiodic with respect to a Borel measure µ if µ(P er(φ)) = 0 (c.f. [11] ). An equivalence between continuous flows φ on X and ψ on another metric space Y is a homeomorphism f : X → Y carrying the orbits of φ onto orbits of ψ (in such a case we say that the flows are equivalent).
With these definitions we can state our first result. Let us put some comments in light of the above result. First of all we can observe that (A1) represents a measurable version of the well known property of expansive flows that their singularities consists of isolated points. The aperiodicity property in (A2) has been proved to be an important tool in the ergodic theory of flows (e.g. [11] ). Notice that (A3) implies two things. Firstly, that the property of being an expansive measure independs on the metric and, secondly, that if µ is expansive for φ, then so does (φ T ) * µ, for every T ∈ R. On the other hand, (A4) implies that every expansive measure is non-atomic, but, unlike the homeomorphism case, there are non-atomic measures which are not expansive for certain expansive flows (take for instance a measure supported on an orbit). We will see below in Example 2.2 that the converse of (A5) is false.
Next we recall the definition of expansive measure for homeomorphisms [2] .
Definition 2.4. We say that a Borel measure µ of X is expansive for a homeomorphism f : X → X if there is δ > 0 such that µ(Γ δ (x)) = 0 for every x ∈ X, whereΓ
Now, notice that for continuous flows φ it is easy to see that the time T -map φ T : X → X defined by φ T (x) = φ(T, x) is a homeomorphism of X, ∀t ∈ R. With this observation we state our second result. The converse of this theorem is false by the following counterexample which arose from discussions with Prof. Arbieto:
Example 2.1. It is well known that the so-called geometric Lorenz attractor [1] , [9] supports an ergodic invariant probability measure with positive entropy (see for instance [28] ). Such a measure was proved to be mixing [16] , and so, ergodic for every time-T map with T = 0. From this an a result in [2] we obtain that such a measure is also expansive for every time-T maps T = 0. However, the support of such a measure has a singularity, and so, it is not expansive for the flow by (A1) of Theorem 2.2.
This example also shows that the result in [2] that every ergodic invariant measure with positive entropy of a homeomorphism of a compact metric space is expansive is false for flows instead of homeomorphisms. Furthermore, it motivates the question if there are continuous flows on compact metric spaces exhibiting a Borel measure, without equilibria in its support, which is not expansive for the flow but expansive for every time-T map with T = 0.
To state our next result we will need the notion of suspension for homeomorphisms on metric spaces [4] , [7] . Suppose that X is compact. Then, we can assume that diam(X) = 1 (otherwise we work with the equivalent metric
It is convenient to identify X with the base X × {0} in Y τ . If f : X → X is a homeomorphism we can identify the points (x, 1) and (f (x), 0) of Y τ . This yields an equivalence relation whose class at (x, t) will still be denoted by (x, t). The corresponding quotient space will be denoted by Y τ,f . The suspension flow over f with height function τ is the flow φ :
making it a compact metric space whenever X is (this is called Bowen-Walter metric in [4] ). There is also an operator
for every continuous map h :
A nice property of this operator is that a Borel measure µ of X is a probability or non-atomic or invariant for f depending on whether there is a continuous map τ : X → (0, ∞) such that T τ,f (µ) is a probability or vanishes along the orbits of φ τ,f or invariant for the suspension flow over f with height function τ respectively. Another interesting property is given below. This result represents a link between expansive measures for homeomorphisms and their corresponding suspensions. We can use it to produce a counterexample for the converse of (A5) in Theorem 2.2.
Example 2.2. Consider a compact metric space X supporting n-expansive homeomorphisms f : X → X which are not expansive [18] and the suspension flow φ 1,f over f with height function τ = 1. It turns out that Y 1,f has at least one measure vanishing along the orbits of φ 1,f , namely, T 1,f (µ) for some non-atomic measure µ on X. Furthermore, every Borel measure vanishing along the orbits of φ 1,f is expansive for φ 1,f but φ 1,f is not expansive since f is not [7] .
This counterexample motivates the study of the class of flows defined below.
Definition 2.5. We say that a flow φ is measure-expansive if every Borel measure vanishing along the orbits of φ is expansive for φ.
At first glance we can apply our results to prove the following result. The term closed surface means a compact connected boundaryless manifold of dimension two. By non-trivial recurrence of a flow φ t on a metric space X we mean a non-periodic point x 0 which is recurrent in the sense that x 0 ∈ ω(x 0 ), where 
Preliminars
We start with the following lemma. Proof. Let µ be an expansive measure of φ with expansivity constant δ. It follows from compactness that there is α > 0 such that φ (−α,α) (x) ⊂ Γ δ (x) (and so µ(φ (−α,α) (x)) = 0), ∀x ∈ X (c.f. p. 506 in [3] ).
Given x ∈ X we have two possibilities: either φ R (x) is a closed (and hence Lindelöf) subset of X or the induced map φ x : R → φ R (x) defined by φ x (t) = φ(x, t) is a homeomorphism onto φ R (x). In any case we can arrange sequences x k ∈ X and
As x ∈ X is arbitrary we conclude that µ(φ R (x)) = 0, ∀x ∈ X, thus proving the result.
Another property of the expansive measures is given below. Proof. If σ ∈ Sing(φ) we can prove as in Lemma 1 of [7] that B(σ, δ) ⊂ Γ δ (σ), ∀δ > 0. Taking δ as an expansivity constant we obtain µ(B(σ, δ)) = 0 so σ ∈ supp(µ).
We shall use the following lemma which is essentially contained in [7] . We include its proof for the sake of completeness.
Lemma 3.3. Let φ be a continuous flow without singularities of a compact metric space X. Then, for every α > 0 there is δ > 0 such that for every x, y ∈ X satisfying y ∈ Γ δ (x) there is an increasing homeomorphismĥ ∈ B satisfying d(φ t (x), φĥ (t) (y)) < α, ∀t ∈ R.
Proof. As in the proof of (ii) ⇒ (i) in Theorem 3 of [7] we have that there is T 0 > 0 such that for every 0 < T < T 0 there are δ T > 0 and τ T > 0 such that if h ∈ B satisfies d(φ t (x), φ h(t) (y)) < δ T for every t ∈ R and some x, y ∈ X, then h(t + T ) − h(t) ≥ τ T for every t ∈ R.
Fix α > 0 and take 0 < T < T0 3 such that
For this T we fix δ T and τ T as above and also 0 < δ < min δ T , α 2 . Now suppose that x, y ∈ X satisfies y ∈ Γ δ (x). Then, there is h ∈ B such that d(φ t (x), φ h(t) (y)) < δ for every t ∈ R. As δ < δ T we have d(φ t (x), φ h(t) (y)) < δ T for every t ∈ R, and so, by the property of δ T , we obtain h(t + T ) − h(t) ≥ τ T for every t ∈ R. Defineĥ : R → R byĥ(nT ) = h(nT ) (∀n ∈ Z) and extend by linearity to [nT, (n + 1)T ] for every n ∈ Z. Clearlyĥ(0) = 0 and using the property of τ T we see thatĥ is an increasing homeomorphism. Moreover, for every t ∈ [nT, (n + 1)T ] (for some integer n) there is t ′ ∈ [nT, (n + 1)T ] withĥ(t) = h(t ′ ) and so
Corollary 3.1. If φ is a continuous flow without singularities of a compact metric space, then for every
Proof. Fix α > 0 and let δ be as in Lemma 3.3 for α 2 . By Lemma 3.3 if y ∈ Γ δ (x) and z ∈ Γ δ (x) there are increasing homeomorphismsĥ,h ∈ B such that d(φ t (x), φĥ (t) (y)) ≤ α 2 and d(φ t (x), φh (t) (z)) ≤ α 2 for every t ∈ R. It follows that d(φĥ (t) (y), φh (t) (z)) ≤ α for all t ∈ R. Replacing t byĥ −1 (t) in this relation we obtain
Ash •ĥ −1 ∈ B we conclude that z ∈ Γ α (y) and the proof follows.
Combining the proof of theorems 3 and 5 in [7] we obtain the following lemma. In its proof we denote by [r] the integer part of r ∈ R.
Lemma 3.4. Let φ be a continuous flow on a compact metric space X. Then, for every δ > 0 and t > 0 there are 0 < α 0 < min{δ, 2t} and 0 < β 0 < min{δ, 2t} such that if x, y ∈ X satisfy φ a (x) = x, φ b (y) = y for some a, b ∈ t − α 2 , t + α 2 and d(x, y) ≤ β with 0 < α < α 0 and 0 < β < β 0 , then y ∈ Γ δ (x).
Proof. Fix δ > 0 and t > 0.
Take 0 < β 0 < min{δ, 2t} such that if z, w ∈ X satisfy d(z, w) ≤ β for some 0 < β < β 0 , then
Take 0 < α 0 < min{δ, 2t} such that if 0 < α < α 0 then
Fix x, y ∈ X satisfying φ a (x) = x, φ b (y) = y for some a, b ∈ t − α 2 , t + Direct computations show t pm+q+1 − t pm+q = α (for (p, q) ∈ Z × {0, · · · , m − 2}), t (p+1)m − t pm+m−1 ≥ 0 (for p ∈ Z) and analogously replacing t by u. Moreover,
Now define h : R → R by setting h(t pm+q ) = u pm+q and extending linearly to
≤ 2 sup
We conclude that there is h ∈ B satisfying
We also need a lemma about the localization of the periods of the periodic points. Precisely, for every flow φ and every x ∈ P er(φ) we denote by t x = min{t > 0 : φ t (x) = x}. Given I ⊂ R we denote by P er I (φ) = {x ∈ P er(φ) : t x ∈ I}. The special case for I = [0, T ], T ≥ 0, will be denoted by P er T (φ). In particular, Sing(φ) = P er 0 (φ). + and x ∈ P er(φ) \ Sing(φ) there are 0 < α * < min{δ, 2t x } and 0 < β * < min{δ, 2t x } such that
Proof. Fix δ > 0, N ∈ N + and x ∈ P er(φ) \ Sing(φ) (thus t x > 0). Given k = 1, · · · , N we put t = kt x in Lemma 3.4 to obtain the corresponding numbers 0 < α k < min{δ, 2kt x } and 0 < β k < min{δ, 2kt x }. Choose α * = min Clearly 0 < α * < min{δ, 2t x } and 0 < β * < min{δ, 2t x }. Now fix 0 < α < α * and 0 < β < β * . Take y ∈ B[x, β] ∩ P er [ktx− Since 0 < α < α * ≤ α k and 0 < β < β * ≤ β k we can put t = kt x in Lemma 3.4 to obtain y ∈ Γ δ (x). This ends the proof.
Another localization lemma for periodic points is given below.
Lemma 3.5. Let φ be a continuous flow of a compact metric space. Then, for every T > 0, x ∈ P er T (φ) \ Sing(φ) and 0 < α < t x there is β 0 > 0 such that
Proof. Otherwise there are T > 0, x ∈ P er T (φ) \ Sing(φ) and 0 < α < t x such that
for some sequence x n ∈ P er T (φ) with x n → x. Clearly t xn ∈ [0, T ] for all n so we can assume that t xn → t ∞ for some t ∞ ∈ [0, T ]. Since x / ∈ Sing(φ) and x n → x we have t ∞ > 0. Moreover, by noting that φ tx n (x n ) = x n → x and φ tx n (x n ) → φ t∞ (x) we obtain φ t∞ (x) = x thus t ∞ = kt x for some 1 ≤ k ≤ T tx . It follows that x n ∈ P er [ktx−α,ktx+α] (φ) for n large contradicting (7).
We shall apply the last two results to prove the following. Lemma 3.6. If µ is an expansive measure of a continuous flow φ on a compact metric space X, then µ(P er T (φ)) = 0 for every T ≥ 0.
Proof. First notice that since φ is continuous and X compact we have that P er T (φ) is compact (and so a Borelian) for all T ≥ 0. Now, suppose by contradiction that there is T ≥ 0 satisfying µ(P er T (φ)) > 0. Since P er T (φ) is compact we can arrange x * ∈ P er T (φ) and β − > 0 such that
In particular, x * ∈ supp(µ) so x * ∈ Sing(φ) by Lemma 3.2 thus T > 0.
Now fix and expansivity constant δ of µ and take N = T tx *
. Let α * and β * be the corresponding numbers for x = x * in Corollary 3.2. We also fix 0 < α < α * which together with x = x * and T yields the constant β 0 as in Lemma 3.5. Fix
On the one hand, applying Lemma 3.5 we obtain
On the other hand, since 0 < α < α * we can take N = T tx * in Corollary 3.2 to obtain
Putting all this together we obtain
Since we have chosen 0 < β < β − we obtain a contradiction by (8) .
The following result establishes a relation between the expansivity of measures for flows φ and for its corresponding time T -maps φ T .
Lemma 3.7. Let φ be a continuous flow of a compact metric space X. Then, for every δ > 0 and T ∈ R\ {0} there is α > 0 such thatΓ
Proof. Take α > 0 satisfying (9) z, w ∈ X and d(z, w)
Take also x, y ∈ X with y ∈Γ φnT α (x), i.e., (10) d(φ nT (x), φ nT (y)) ≤ α, ∀n ∈ Z.
Since T = 0 every t ∈ R satisfies nT ≤ t < (n + 1)T for a unique n ∈ Z therefore
by applying (9) and (10) to z = φ nT (x), w = φ nT (y) and
We conclude that there is h ∈ B (i.e. the identity) satisfying
Next we study the interplay between flow-equivalence and expansive measure for flows. Clearly if f : X → Y is an equivalence between the flows φ and ψ on X and Y respectively, then f (Sing(φ)) = Sing(ψ).
Furthermore, iff (ψ) is the flow on X defined bŷ
then for every x ∈ X there is a homeomorphism h x ∈ B satisfying
Indeed, for x ∈ Sing(φ) the existence of such an h x was proved in [7] whereas for x ∈ Sing(φ) we can take h x (t) = t. We shall use this in the following lemma. 
Proof. Fix δ > 0. By compactness we have that f −1 is uniformly continuous, so, there is α > 0 such that d(f −1 (z), f −1 (w)) ≤ δ whenever z, w ∈ Y satisfy d(z, w) ≤ α. Now, take z, w ∈ Y with w ∈ Γ α,ψ (z), i.e., there is h ∈ B such that
Therefore, the choice of α implies
and then
by (11) . Since h f −1 (z) is a homeomorphism we can replace t by h
. As clearlyĥ ∈ B we conclude that f −1 (w) ∈ Γ δ,φ (f −1 (z)). As z ∈ Y and w ∈ Γ α,ψ (z) are arbitrary we conclude that
The lemma below is contained in the proof of Theorem 6 of [7] . We include its proof here for the sake of completeness. 
Proof. Fix 0 < δ < 1 4 , y = (x, t) and
Case 2: t = 
Proofs
Proof of Theorem 2.1. The necessity is clear so we only need to prove the sufficiency. For this, we let α > 0 as in the statement and δ be as in Corollary 3.1 for this α. Suppose by contradiction that µ is not expansive. Then, there is x 0 ∈ X and a Borel set B ⊂ Γ δ (x 0 ) such that µ(B) > 0. Since µ(B) > 0 we have that there is y 0 ∈ B such that µ(Γ α (y 0 )) = 0. To prove (A2) let φ be a continuous flow of a compact metric space. Clearly P er(φ) = N ∈N P er N (φ). Since µ(P er N (φ)) = 0 for every N ∈ N and every expansive measure µ by Lemma 3.6, we obtain the result.
To prove (A3) we only need to prove the necessity as the sufficiency follows analogously replacing f by f −1 . Let µ an expansive measure of φ and α be as in Lemma 3.8 for an expansivity constant δ of µ. Fix z ∈ Y and a Borel set B ⊂ Γ α,ψ (z). Applying Lemma 3.8 we obtain f −1 (B) ⊂ Γ δ,φ (f −1 (z)) so µ(f −1 (B)) = 0 since µ(Γ δ,φ (f −1 (z))) = 0. It follows that f * µ(B) = µ(f −1 (B)) = 0 whence f * µ(Γ α,ψ (z)) = 0, ∀z ∈ Y . We conclude that f * µ is expansive for ψ with expansivity constant α.
one Borel measure which both has full support and vanishes along the orbits. It then follows from Theorem 2.2-(A1) that Sing(φ) = ∅.
Passing to a double covering if necessary we can assume that the surface is the two-dimensional torus T 2 . Since x 0 is not periodic there is a circle X transversal to φ containing x 0 (see Proposition 5.1.2 in [13] ). Associated to this circle we have the return time τ : Dom(τ ) ⊂ X → (0, ∞) and the return map f : Dom(f ) ⊂ X → X, f (x) = φ τ (x) (x), where Dom(·) stands for the domain operator. Observe that X cannot separates T 2 since φ has no singularities.
Since x 0 ∈ X is recurrent we have that Dom(τ ) (and so Dom(f )) are not empty. If there were x 1 ∈ Dom(τ ), then we can use the fact that X does not separate T 2 together with the Poincaré-Bendixon Theorem [24] to prove that the positive orbit of x 1 spirals toward a periodic orbit parallel to X. In this case we would have Dom(τ ) = ∅ which is a contradiction, so, Dom(τ ) (and hence Dom(f )) are the whole circle X. From this we conclude that X intersects every orbit of φ (see for instance [22] , p. 146 in [24] or Lemma 3 p. 106 in [25] ). Clearly there is an equivalence R between φ and the suspension flow φ τ,f over f with height function τ . Now take any nonatomic Borel measure µ of X and its corresponding suspension T τ,f (µ). In addition, R −1 * (T τ,f (µ)) vanishes along the orbits of φ and, since φ is measure-expansive, we conclude that R −1 * (T τ,f (µ)) is expansive for φ. But R is an equivalence between φ and φ τ,f so T τ,f (µ) = R * (R −1 * (T τ,f (µ))) is expansive for φ τ,f by Theorem 2.2-(A3). Applying Theorem 2.4 we conclude that µ is expansive for f . We conclude that every non-atomic Borel measure of X is expansive for f . But this is absurd since there are no such homeomorphisms f of the circle (c.f. [19] or [20] ). This contradiction proves the result.
